In this article we construct a sequence {M i } of non compact finite volume hyperbolic 3-manifolds whose kissing number grows at least as vol(M i ) 31 27 −ǫ for any ǫ > 0. This extends a previous result due to Schmutz in dimension 2.
Introduction
The systole of a Riemannian manifold M is the shortest length of a nontrivial closed geodesic of M, and it is denoted by sys(M). A related concept is the kissing number Kiss(M) of M, defined as the number of free homotopy classes of oriented closed geodesics in M of length sys(M). The study of the kissing number has a long history starting from the moduli space of flat tori (see [Sch94] ). For a generic Riemannian manifold, it is known that the kissing number is at most 2 [Ano82] , and for hyperbolic manifolds of dimension at least 3, it is a consequence of Mostow-Prasad rigidity that the kissing number is a topological invariant. Therefore, in the search for extremal geometries (or topologies) it is interesting to find manifolds with large kissing numbers.
In [Sch94] , Schmutz started the investigation of hyperbolic surfaces with large kissing number. The best construction to date was given in [Sch97] , where the author showed among other things that the sequence of principal congruence subgroups Γ(N) of the modular group PSL(2, Z) produce hyperbolic surfaces S(N) := Γ(N)\H 2 of finite area satisfying Kiss(S(N)) ≥ c 1 area(S(N))
for any ε > 0 and a universal constant c 1 > 0. It was also shown to hold for congruence subgroups of a certain class of compact arithmetic hyperbolic surfaces.
On the other hand, in [BPa] Bourque and Petri recently showed that in any closed hyperbolic manifold M of dimension n the following Dória is grateful for the support of FAPESP grant 2018/15750-9. Murillo 
where A n > 0 depends only on n. This upper bound generalizes a previous result of Parlier for closed hyperbolic surfaces ( [Par13] ). For noncompact finite area hyperbolic surfaces a similar result was obtained by Parlier and Fanoni ([FP15] ). An analogous version in the context of regular graphs was proven by Bourque and Petri ( [BPb] ). In the same article, the authors also prove a version of (1) for some Ramanujan graphs, constructed by Lubotzky-Phillips-Sarnak in [LPS88] .
In this article we provide the first generalization of (1) to dimension 3. More precisely
Although the proof follows the idea of Schmutz in [Sch97] , it is not easy to extend the technique to dimensions greater than 2. The main difficulty consists in constructing discrete groups Γ i < PSL 2 (C) with finite covolume such that, first we have a control on which elements in Γ i realize the systole of M i = Γ i \H 3 , and second we can guarantee the existence of a large number of conjugacy classes of loxodromic elements in Γ i realizing the systole. We will follow the equivalent approach of finding subgroups Γ i of SL 2 (C) whose projections Γ i into PSL 2 (C) satisfy the properties above.
An important ingredient in [Sch97] is the high multiplicity of nonconjugated elements in SL 2 (Z) of a given trace, a result proven by Siegel. As it was mentioned before, the surfaces come from principal congruence subgroups of SL 2 (Z), and the level of the group depends on the given trace. The result then follows from the fact that the translation length in SL 2 (R) is determined by the trace. In dimension 3 this is no longer the case, and a new version of a trace-length relation in SL 2 (C) is needed. This is introduced in Section 2 after we recall some special features of the geometry of the hyperbolic 3-space (see Proposition 2.1).
There is no generalization of Siegel's result for discrete subgroups of SL 2 (C). Instead, we are able to apply a theorem due to Sarnak ([Sar83]) on averages of class numbers of binary quadratic forms over the ring of integers of imaginary quadratic fields (see Theorem 3.4). In Section 3 we review the definitions and important facts about these quadratic forms, and the relation with discrete subgroups of isometries of H 3 . This allows us to construct the groups Γ i as suitable indextwo normal extension of principal congruence subgroups of SL 2 (O d ), where O d denotes the ring of integers of an imaginary quadratic field with class number one. This is the content of Section 4. The proof of Theorem 1.1 is completed in Section 5.
Hyperbolic geometry
2.1. Hyperbolic 3-manifolds. The set H 3 = {(x, y, t) ∈ R 3 |t > 0} equipped with the line element ds 2 = (dx 2 + dy 2 + dt 2 )/t 2 is a model of the unique simply connected Riemannian 3-manifold with constant sectional curvature −1, called the hyperbolic 3-space. The group SL 2 (C) acts on the complex plane by linear fractional transformations: For
This action extends uniquely to an action in H 3 via the Poincaré extension, and the group PSL 2 (C) = SL 2 (C)/{±I} identifies with the orientation preserving isometry group Isom + (H 3 ) of H 3 . By a hyperbolic 3-manifold we mean a quotient M = Γ\H 3 , where Γ is a discrete torsion-free subgroup of PSL 2 (C). In this article we will deal with discrete subgroups in SL 2 (C), and then project them to PSL 2 (C). 2.3. A length-trace relation. The free homotopy classes of oriented closed geodesics in a hyperbolic manifold M = Γ\H 3 are in one-to-one correspondence with the conjugacy classes of loxodromic elements in Γ, and the length of the geodesic corresponds to the translation length of the loxodromic element. Therefore, in order to understand the length of closed geodesics in M we need to study the translation length of the loxodromic elements in Γ. For the purpose of this article, we need to determine ℓ(B) from B, and not only the complex translation length.
The following result provides this relation.
Proof. Let X ∈ SL 2 (C) be any loxodromic element. Writing tr(X) = x + iy, by (3) we have that
and then
It means that tr(X) lies in the ellipse centered in the origin, with focal points ±2, and that intersects the real axis in the points ±2 cosh ℓ(X) 2 . Therefore |tr(X) − 2| + |tr(X) + 2| = 4 cosh ℓ(X) 2 .
Taking X = B 2 , and using the fact that tr(B 2 ) = tr(B) 2 − 2 and ℓ(B 2 ) = 2ℓ(B) we obtain the result.
Quadratic forms and loxodromic elements
Let d > 0 be a square free rational integer. Consider the quadratic number field k d = Q( √ −d), and let O d denotes the ring of integers of k d . It turns out that loxodromic elements in SL 2 (O d ) are in correspondence with certain binary quadratic forms with coefficients in O d . The aim of this section is to recall this correspondence following mainly the exposition by Sarnak in [Sar83].
A Diophantine equation.
The study of binary quadratic forms over O d is closely related to the study of the solutions t, u ∈ O d to the Pell's type equation
(the branch of the square root is chosen such that the argument of √ D lies in [0, π)), and let O K denotes the ring of integers of K. For any solution (t, u) of (4) we associate the complex number
It is clear that ǫ t,u ∈ O × K , and then the association (t, u) → ǫ t,u provides a group structure on the set of solutions of (4) induced by that on
Since |ǫ D | > 1, this definition is equivalent to that in [Sar83, Pag. 275] . It is also known that when |D| > 4, ±ǫ ±n D produce all the solutions to (4) (see [Sar83, loc. cit.]).
for any n ≥ 0.
Proof. For simplicity, we will write ǫ = 1 2 (t n + u n √ D), and consider the polynomial f (x) = x 2 −t n x+ 1 defined over O d . The roots of f are precisely ǫ and ǫ −1 . Consider now the polynomial g(x) = f (x)f (x), which has roots ǫ ±1 , ǫ ±1 . Factorizing g into linear factors, and comparing the term x 2 we obtain that
On the other hand |ǫ| > 1, and then |ǫǫ −1 + ǫ −1 ǫ + |ǫ| −2 | ≤ 3. Therefore −3 ≤ |ǫ| 2 − |t n | 2 ≤ 3 as we claimed.
3.2. Quadratic forms. Let Q = ax 2 +bxy +cy 2 be a binary quadratic
Similar to the classical theory of binary quadratic forms over Z, the group SL 2 (O d ) acts on the set of these quadratic forms by linear substitution, and we say that Q and Q ′ are equivalent if they belong to the same orbit under this action. The main invariant of Q is its discriminant, which is given by D = b 2 − 4ac. The group of automorphisms of Q, namely the stabilizer of Q has a precise description.
Proposition 3.2. Let Q be a primitive quadratic form with discriminant |D| > 4. Then the group of automorphisms of Q is infinite cyclic, generated by the matrix
Proof. By [Sar83, Prop. 4 .11] the group of automorphisms of a primitive quadratic form Q is given by the set of matrices Proof. We can write
with β i ∈ I for all i = 1, 2, 3, 4. The result follows from the equation det(T ) = 1 modulo I 2 .
From now on, we will consider only k d with class number one, i.e. d ∈ {1, 2, 3, 7, 11, 19, 43, 67, 163}. Let D ∈ O d be a discriminant. We can write D = β 2 + 4ξ for some ξ ∈ O d . For any nontrivial solution (t, u) of t 2 − Du 2 = 4 with t, u ∈ O d we consider the algebraic numbers t−βu 2 = τ 1 and t+βu 2 = τ 2 . Note that τ 1 and τ 2 are the roots of the quadratic polynomial Proof. Indeed, if D = β 2 1 + 4ξ 1 = β 2 2 + 4ξ 2 , then 4 divides β 2 1 − β 2 2 . By [Sar83, Lem. 4.5] 2 must divide β 1 + β 2 . Hence,
Let Id denotes the identity matrix in SL 2 (O d /uO d ). We define the subgroup
] as a subgroup of index 2, in particular it is a congruence subgroup. Under a suitable condition on t and u, we can characterize the loxodromic elements in SL 2 (O d ) τ [u] having the shortest translation length. Before that, we will need the following elementary but useful claim. Proof. The conditions imply that |z| 2 − 4 ≥ |w| 2 + 4. The result is then a consequence of the triangle inequality.
Proposition 4.4. Suppose that 4 < |t| < 4 9 |u| 2 . Then any loxodromic
In particular, if tr(B) = t then B determines a closed geodesic in
Proof. Consider a primitive Dirichlet form Q = ax 2 + bxy + cy 2 over
By Lemma 4.1 tr(B) = 2 + ξu 2 for some ξ = 0. We claim that in this case 4 cosh(ℓ(B)) > |t| 2 + |t 2 − 4|. 
Indeed, by hypothesis
and we can apply again Lemma (4.3) in order to conclude that 4 cosh(ℓ AB ) = |tr(AB)| 2 + |tr(AB) 2 − 4| > |t| 2 + |t 2 − 4|.
Let t, u, D be quadratic imaginary algebraic integers satisfying the Pell's type equation (4). As an immediate corollary we have the following inequalities which will be useful in the sequel:
|u| 2 ≤ |t| 2 + 4 |D| ,
Moreover, if u = 0, then (9) |t| 2 ≥ |D| − 4.
Lemma 4.5. Let D be a discriminant, and ǫ D = 1
we have |t n | < 4 9 |u n | 2 for n ≥ 2. Proof. In what follows we will assume that |D| > 51. By (8), we have |u n | 2 ≥ |tn| 2 −4 |D| . Hence, it is sufficient to prove that for n ≥ 2 (10) |t n | 2 − 4 |D| > 9 4 |t n |.
By (9), we have |t 0 | 2 ≥ |D|−4 since u 0 = 0. Moreover, by Proposition 3.1 for n = 0 we have
Now, together with Proposition 3.1 we get for n ≥ 2 that
where the last inequality holds for |D| > 50 since the function x 3 − 25x 2 − 3 is positive for x > 25. Now we are able to ensure (10) for n ≥ 2. Indeed, by (11) |t n | > 5 2 |D| > 1, for any n ≥ 2. Hence, |t n | 2 − 4 > 5 2 |D||t n | − 4 > 9 4 |D||t n |.
Define m(ǫ D ) = min n ≥ 0 | |t n | < 4 9 |u n | 2 .
By the previous lemma m(ǫ D ) ∈ {0, 1, 2} whenever |D| is large enough.
Lemma 4.6. Let D be as in Lemma 4.5. If m(ǫ D ) = 0, then |u m(ǫ D ) | ≤ 30|D| 3/2 .
Proof. By definition, t n and u n satisfy ǫ n+1 D = 1 2 (t n + u n √ D). Hence, we can write
Note that if t 2 − Du 2 = 4 with u = 0 and |t| ≥ 4 9 |u| 2 , then (13) |t| ≤ 9 2 |D|.
Indeed, by the argument used in Lemma 4.5, if t, u satisfy |t| ≥ 4 9 |u| 2 then (10) does not hold for t n = t. On the other hand, by (8) Since we can assume that 16 ≤ 3 9 4 |D| 2 for any D, we obtain (13).
Suppose now that m(ε D ) = 1. By hypotesis, |t 0 | 2 ≥ |D| − 4 ≥ 4, and we can apply (7) for u 0 , (13) for t 0 and (12) to obtain that
Hence,
Analogously, if m(ε D ) = 2, together with |t i | 2 ≥ 4 for i = 0, 1, we can apply (7) for u 0 and u 1 , (13) for t 0 and t 1 . By (12) we have,
Therefore,
if m(ε D ) = 2.
Proof of the main theorem
We can now prove the main result of this article (see Theorem 1.1). Before that, let us explain a notation that will be used through this section. We will say that two positive functions f, g satisfy the relation f (x) g(x) if for any ǫ > 0 there exists
We will start by defining the manifolds M i . Let d > 0 be a square free rational integer such that k d has class number one. By Theorem 3.4 there exists a sequence of discriminants D i with |ǫ D i | → ∞, and a constant c d > 0 such that
.
Since h(D i ) → ∞ we have that |D i | → ∞, and we can assume that D i satisfies the condition of Lemma 4.5. For any i, consider a fundamental solution
We define the numbers
as in Section 4. Additionally, let τ i be the unique solution x ∈ O d /u i O d of the equationt i = 2x, and consider the group
By Proposition 3.1, (5), and (6), whenever |ǫ D i | is large enough, any non parabolic element in Γ i is loxodromic. This implies that the group Γ i is torsion free, and M i = Γ i \H 3 is a hyperbolic 3-manifold of finite volume.
Proposition 5.1. The sequence of hyperbolic 3-manifolds {M i } satisfies
Proof. By Lemma 4.5 the pair t i , u i satisfies the hypothesis of Proposition 4.4 for any i. Hence, the elements in Γ i with trace equal to t i induce closed geodesics of length equal to the systole of M i . In order to have a large number of closed geodesics in M i of shortest length, it is enough to guarantee the existence of a large number of no pairwise conjugated elements in Γ i with trace equal to t i (see Proposition 4.4). By Proposition 3.3 there exist A 1 , . . . , A h (D i ) no pairwise conjugated primitive matrices in SL 2 (O d ) with tr(A j ) = t 0 (i), for any j = 1, . . . , h(D i ). The explicit correspondence implies that A m i +1 j ∈ Γ i . Moreover tr(A m i +1 j ) = t i and then A m i +1 j induces a closed geodesic γ j of M i of shortest length for any j. We claim that the powers A m i +1 j are pairwise nonconjugated elements in Γ i . In fact, the matrices A j satisfy the characteristic equation X 2 − t 0 (i)X + 1 = 0, and then A m i +1 j can be written as a polynomial expression on A j and t 0 (i). This implies that A m i +1 j would be conjugated in Γ i to A m i +1 k if and only if A j and A k were conjugated in Γ i . This proves the proposition.
We can go a step forward to produce more closed geodesics of shortest length. Consider the orientation preserving isometry group G i = Isom + (M i ) of M i . The group G i acts on the set of closed geodesics of M i , and the main idea is contained in the following. We will need to compare the volume growth of M i with the growth of |u i |. It will be more convenient to use the notation N(u) = uu as the usual norm of an imaginary quadratic number in order to refer to some known results.
Lemma 5.3. The sequences N(u i ) and vol(M i ) are related by
where µ > 0 does not depend on i.
On the other hand, it is well known that Since each A j is primitive, it is well known that C(A m i +1 j ) = A j , −Id . Hence |(G i ) γ j | = 2(m i + 1) ≤ 6, and (17) implies
We now need to compare the quantities |G i | and h(D i ) to the volume of M i . To do that, we will relate these quantities to N(u i ), and then the later to vol(M i ).
The group G i is isomorphic to SL 2 (O d )/Γ i , i.e. |G i | = [SL 2 (O d ) : Γ i ]. By (15) and the left-hand side of (16) we have
The next step is to bound h(D i ) in terms of N(u i ). By the relation u 2 i D i = t 2 i − 4 we have |t i | 2 N(u i )|D i |, and it follows from Lemma 3.1 that |t i | 2 ∼ |ǫ D i | 2(m i +1) . Hence
The function x → x log(x) is increasing for large x, and we apply this to (14) .
Since m i ∈ {0, 1, 2} we can suppose that the sequence m i is constant and equal to m. We have two cases to consider.
Case m = 0: In this case we use the simple lower bound |D i | > 1 to see that |N(u i )D i | > |N(u i )|. Now, using again the fact that x → x log x is increasing for large x, we apply (20) in order to get 
